Implications of field quantization on Ramsey interferometry are discussed and general conditions for the occurrence of interference are obtained. Interferences do not occur if the fields in two Ramsey zones have precise number of photons. However in this case we show how two atom (like two photon) interferometry can be used to discern a variety of interference effects as the two independent Ramsey zones get entangled by the passage of first atom.
The method of using spatially separated fields as proposed by Ramsey has been proved to be very useful for high resolution work. It was originally proposed as a technique in the microwave domain [1] which was then extended to studies in optical domain [2] . More recently this technique has been used very successfully in the studies of quantum entanglement resulting from the interaction of atoms with radiation in a high quality cavity. In this context Ramsey technique enables one to study the entanglement in different basis of states [3] . Haroche and coworkers [3] [4] [5] detected a variety of cavity quantum electrodynamics effects by monitoring changes in Ramsey fringe pattern when a cavity was placed in region between two Ramsey zones. Ramsey technique has also been suggested for the measurement of phase diffusion in a micromaser [6] . The existence of fringes in Ramsey technique has been interpreted as due to quantum interferences in the transition amplitudes and thus Ramsey technique is a way of doing atomic interferometry [7] . All these studies consider the field in each Ramsey zone as a coherent field which is prescribed and which does not evolve even though it is interacting with the atom. Now that the interference effects at a single photon or few photon levels are becoming quite common [3] [4] [5] 8, 9] , it is natural to enquire how the results of Ramsey interferometry would be modified if the coherent field in each Ramsey zone is replaced by a quantized field [10] .
In this paper we examine the theory of Ramsey interferometry with quantized fields. We bring out the role of the quantum statistics of the fields in Ramsey interferometry and examine the conditions on the fields so that interference fringes are obtained. If the fields in the two Ramsey zones are in a state with fixed number of photons, then interferences disappear [11] . Though fields with exactly one photon do not yield interferences, a small coherent field even at a single photon level can lead to a well defined interference pattern. Finally we demonstrate an analog of Hanbury-BrownTwiss experiment in the context of Ramsey interferometry with quantized fields by calculating atom-atom correlations in atoms passing through two successive Ramsey zones containing quantized field [12] . We also demonstrate the entanglement of the fields in the two Ramsey zones. Such an entanglement results from the passage of an atom [13] .
We will consider quantum field in a high quality cavity [14] as the Ramsey zone of quantized field. If the number of photons in the cavity is large and the field has a well defined phase then it would approach the classical Ramsey interferometry. We thus consider the situation shown in the fig. 1. An atom with two level |e and |g interacts with two single mode cavities. Let the annihilation and creation operators in the i-th cavity be denoted by a i and a † i respectively. For the situation shown in the fig.1 , the interaction Hamiltonian in the interaction picture is
Here ∆ = ω 0 − ω 1 and g i is the coupling constant of the atom with the vacuum in the i-th cavity. Let us consider an initial state with atom in the lower state |g and the fields characterized by the wavefunction n,µ F n,µ |n, µ . Here |n (|µ ) represents the Fock state in first(second) cavity. Let φ e , φ g be the phase shifts in |e and |g which we might introduce using same external perturbation between the cavities. Using the interaction Hamiltonian (1) the time evolution of the wavefunction can be calculated. The wavefunction of the atom and cavity fields is found to be
where
,
α = n, µ and g n = g 1 , g µ = g 2 . The functions C α and S α describe the dynamics of the atom interacting with a single mode cavity with initial state as a Fock state . Note that C α (S α ) gives the probability amplitude of finding the atom in the excited(ground) state given that it was in the excited state at time t = 0.
The structure of the wavefunction clearly suggests the elementary process responsible for the final state. A given final state is reached in two different ways. Consider a measurement in which the outgoing atom is found in excited state. The probability of excitation P eg defined by
can be calculated using (2) . We find the result
This is our key result for understanding Ramsey interferometry with quantized fields. Clearly there are two paths which contribute to the amplitude for detecting the atom in excited state |g, n, µ → |e, n − 1, µ → |e, n − 1, µ , |g, n, µ → |g, n, µ → |e, n, µ − 1 .
The interference between these two paths would depend on the nature of the photon statistics i.e. on the functions F n,µ . Clearly if the field in each cavity is in a Fock state |n 0 , µ 0
then the interference terms in (5) drop out and the two paths (7) become independent. This happens even for Fock states with large number of photons. Interferences are obtained as long as the photon statistics is such that n,µ
In order to see the meaning of (9) consider a situation where detuning ∆ can be ignored while considering evolution in Ramsey zone i.e. in each cavity. The condition (9) can be reduced to a very interesting form
which for small interaction times can be further reduced to
Thus the nature of interference depends on the quantum statistics of the fields in the two Ramsey zones. The conditions (10) and (11) imply that if the cavities are independent, then the field in each cavity must have a well defined phase for interference to occur. A second possibility obviously holds if fields in the two cavities are entangled even though when the field in each cavity does not have a well defined phase. Let us thus consider a case where each cavity is pumped by a weak coherent state so that the initial state of the cavities is
In this case the result (5) leads to
which for ∆ = 0 and g 1 τ 1 = √ 2g 2 τ 2 = π/2 reduces to
It is clear that the interference in (13) arises from the cross terms in (12) as such cross terms leads to the same final state via two different pathways
The other terms in (12) do not result in interference as |1, 1 leads to different final states (7) and |0, 0 can not produce excitation. We further notice an important result from (2) on the conditional state |ψ c of two cavities after an atom is detected in the excited state if initially the state of cavities was |n, µ
Thus the passage of the atom through the two cavities produces entangled state of the two cavity system. Note that for such a state a † 1 a 2 = 0. From our previous discussion leading to (9) - (10) it is clear that if we send a second atom and measure its excitation probability then such a probability would exhibit interference fringes. For a second atom coming in ground state |g and detected in excited state following are the possible pathways,
In summary the system as a whole when starting with an initial state |n, µ, g 1 , g 2 has two different pathways leading to the detection of both atoms in excited state
The joint probability of detecting both atoms in the excited state P e 1 e 2 g 1 g 2 can be used for doing atomic interferometry even if each cavity is in Fock state. This is reminiscent of photonphoton correlation measurements with light produced in the process of down conversion. Mandel and coworkers [15] carried out a series of measurements with photons from a down converted source where they reported no interferences in the measurement of mean intensities whereas photon-photon correlation exhibited a variety of interference phenomena. In the context of Ramsey interferometry with quantized fields we are suggesting a measurement of the atom-atom correlation. An explicit form of the joint detection probability can be obtained following Jaynes-Cummings dynamics. A long calculation leads to the following expression for the joint probability if the initial state of the cavities is |n, µ P e 1 e 2
Here we allow the possibility of different interaction times and phases(denoted by dash) for the second atom. In the special case when ∆ = 0,
and gτ = π/4 and when initially cavities are in state |1, 1 , the joint detection probability has an attractive form
Interference fringes with almost 100% visibility are obtained. Other joint detection probabilities like finding one atom in the excited state and the other in the ground state also display interference fringes. Before we conclude, we mention that cavities are not absolutely essential for doing Ramsey interferometry with quantized fields, though the usage of cavities results in the enhancement of atom-photon interaction. We could, for example, imagine the usage of the correlated photons produced by a down converter for doing Ramsey interferometry. A possible arrangement is shown in the Fig. 2 . The final results for the interference pattern can be obtained in a way similar to the derivation of the result (5). The visibility of the interference pattern depends on the characteristics of the beam splitter and correlations between the down converted photons. Note that the arrangement of the Fig. 2 generally makes a † 1 a 2 = 0 . For the input state |1, 1 the output state is [16] ,
where |r| 2 (1 − |t| 2 ) is the reflectivity of the beam splitter. For this state output modes are correlated i.e. a † 1 a 2 = −2i(|t| 2 − |r| 2 )|r||t| = 0 ,
as long as |r| = |t| . In conclusion we have discussed in detail the theory of Ramsey interferometry with quantized fields. The interference is very sensitive to the quantum statistics of the fields in the two Ramsey zones. We have derived general conditions for interference to occur. We show how an analog of Hanbury-Brown Twiss photon-photon correlation interferometry can be used to discern a variety of interference effects even in situations where the single atom detection probabilities do not exhibit interferences. 
